We extend a recent analysis of the pion electromagnetic form factor constrained by the conformal symmetry to explore the time-like region. We show explicitly that the time-like form factor obtained by the analytic continuation of the space-like form factor correctly satisfies the dispersion relation. Our results indicate that the quark spin and dynamical mass effects are crucial to yield the realistic features of the vector meson dominance phenomena.
I. INTRODUCTION
One of the most significant theoretical advances in recent years has been the application of AdS/CFT correspondence [1] between string theories defined on the 5-dimensional Anti-de Sitter(AdS) space-time and conformal field theories(CFT) in physical space-time. Although QCD is not itself a conformal theory, it may possess an approximate conformal symmetry in the domain where the QCD coupling is approximately constant and quark masses can be neglected. Based on the premise that QCD belongs to this class, theoretical development of AdS/CFT to QCD, often referred as "AdS/QCD" or "holographic QCD", has been very popular in recent years. The resulting AdS/QCD model gives predictions for hadron spectroscopy [2] and a description of the quark structure of hadrons [3, 4] which has scale invariance and dimensional counting [5] at short distances, together with color confinement at large distances.
The AdS/QCD correspondence is particularly relevant for the description of hadronic form factors and also provides a convenient framework for analytically continuing the space-like results to the time-like region. The form factors have been studied within the holographic approach [3] , and the connection between the AdS/QCD approach [3, 4] and the usual light-front formalism for hadronic form factors was proposed in [6] and discussed in [7] . Some other recent applications of different AdS/QCD models(hard-wall or soft-wall models)to the form factors of hadrons can be found in [8, 9, 10, 11, 12] . In AdS/QCD one breaks the conformal symmetry by impeding the ability of the field Ψ(x, z) to penetrate deeply into the bulk, which leads to an explanation of confinement and more generally constrains the model's infrared(IR) behavior. This may be accomplished by imposing a hard cutoff and appropriate boundary conditions on Ψ(x, z) at some finite value of fifth dimension z = z 0 [3] (hard-wall model) or by imposing a soft IR cutoff with an oscillator-type potential in the action for large z [13] (soft-wall model).
The connection between the AdS/QCD and the lightfront approaches allows one to compute the analytic form of frame-independent light-front wavefunctions ψ n/h of hadrons in physical space-time [6] , thus providing a relativistic description of hadrons in QCD at the amplitude level. The pion electromagnetic form factor has been exemplified by AdS/QCD, in particular, the power-law behavior of the form factor F π (Q 2 ) ∼ 1/Q 2 is well reproduced by the soft-wall AdS/QCD model(or Gaussian model) [8] . The key ingredient in this correspondence is the conformal symmetry valid in the negligible quark mass. Using the connection between the AdS/QCD and the light-front approaches in the calculation of the hadronic form factors [8] , we calculated [14] the pion form factor in our light-front quark model(LFQM) taking into account a momentum-dependent dynamical quark mass. We confirmed that the power-law behavior of the pion form factor is indeed attained by taking into account a momentum-dependent dynamical quark mass which becomes negligible at large momentum region. Our result [14] was consistent with an important point of AdS/QCD prediction, namely, the holographic wavefunction contains the contribution from all scales up to the confining scale. We also have shown that the broader shape of the pion distribution amplitude increases the magnitude of the leading twist perturbative QCD(PQCD) predictions for the pion form factor by a factor of 16/9 compared to the prediction based on the asymptotic form. Very recently, Brodsky and de Teramond [10] extended their AdS/QCD model to obtain the time-like pion form factor by doing analytic continuation of the space-like result to the time-like region. However, the dispersion relation of the time-like form factor
has not yet been analyzed explicitly. We thus show in this work that the timelike form factor obtained by the analytic continuation of the space-like form factor correctly satisfies the dispersion relation. Working in the framework of the LFQM that takes into account a momentum-dependent dynamical quark mass [14] , we further extend our previous analysis of the space-like pion form factor to the time-like region and compare with the result obtained from the AdS/QCD model [10] . Our comparative analysis reveals the effects from the quark spin and dynamical mass.
The paper is organized as follows. In Sec. II, we present the soft contribution to the pion form factor using the LFQM. In Sec. III, we present the space-and time-like pion form factor in the conformal symmetry limit. We also compare our LFQM results with the softwall AdS/QCD model calculation [10] to investigate the quark spin structure inside the pion. In Sec. IV, we show our numerical results of both space-and time-like pion form factor. The direct calculation of the pion form factor is shown to be in excellent agreement with the result obtained from the dispersion relation. Summary and conclusion follow in Sec. V.
II. PION FORM FACTOR IN LFQM
The elastic pion form factor is related to pion electromagnetic current by the following equation:
As usual, our calculation will be carried out using the Drell-Yan-West frame(q
> 0 is the space-like momentum transfer. In this frame, the matrix element of the current can be expressed as convolution integral in terms of the light-front wavefunction and the pion form factor can be written for the "+"-component of the current J µ as follows(see [15] for more detailed calculation):
where k
q ⊥ and the factors m 2 and k ⊥ · k ′ ⊥ in the numerator come from the ordinary helicity(λ+ λ = 0) and the higher helicity(λ +λ = ±1) components of the spin-orbit wave function R λλ (x, k ⊥ ), respectively. Here, the explicit form of R λλ (x, k ⊥ ) is obtained by the interaction-independent Melosh transformation [16] from the ordinary equal-time static spin-orbit wave function assigned by the quantum numbers J P C = 0 −+ . The radial wave function is given by
where the gaussian parameter β is related with the size of pion and the three momentum squared k 2 can be represented by the light-front (LF) variables, i.e.
for the quark mass m u = m d = m. For additional factor ∂k z /∂x to the radial wavefunction
) is the Jacobian of the variable transformation {x, k ⊥ } → k = (k ⊥ , k z ) due to the normalization of the radial wavefunction [17] . For the low momentum transfer phenomenology in LFQM, it is customary to take a constant constituent quark mass m as a mean value of the momentum dependent dynamical quark mass at low momentum region. The momentum dependence of the dynamical quark mass in the spacelike momentum region has been discussed in lattice QCD [18] as well as in other approaches such as Dyson-Schwinger [19, 20] and instanton [21] models. Also, the difference between spacelike and timelike meson form factors at large momentum transfer was discussed in the framework of PQCD with Sudakov effects included [22] . Matching between the low momentum LFQM prediction and the large momentum PQCD prediction is a highly nontrivial task which goes beyond the scope of our present work. Nevertheless, as we discussed in [14] , one should understand m as a function of Q 2 in principle although in practice m(Q 2 ) for the low Q 2 phenomenology can be taken as a constant constituent quark mass. In our previous analysis [14] , we took the simple parametrization of the quark mass evolution m(Q 2 ) in space-like momentum region as
, where m 0 = 5 MeV and m c = 220 MeV represent the current(at high Q 2 ) and constituent(at low Q 2 ) quark mass, respectively. In this work, we take the same phenomenological form of m(Q 2 ) used in [14] . We note [14] (2) provides a mass-dependent weighting factor e which severely suppresses the contribution from the endpoint region of x → 0 and 1 unless m → 0. This weighting factor leads to the gaussian fall-off of F π (Q 2 ) at high Q 2 region for the constant constituent quark mass which breaks the conformal symmetry. When the conformal symmetry limit (m → 0) is taken, however, there is no such suppression of the endpoint region and the high Q 2 behavior of the form factor dramatically changes from a gaussian fall-off to a power-law reduction. In the next section, we shall elaborate the pion form factor to explain why the power-law behavior attained in our Eq. (2) is not accidental but a consequence of the constraint taken from the conformal symmetry.
III. SPACE-AND TIME-LIKE PION FORM FACTOR IN CONFORMAL SYMMETRY
In order to facilitate our calculation, we change the momentum variables as
. Then, the pion form factor(Eq. (2)) in the conformal symmetry limit(m → 0) is obtained as
where φ is the cosine angle between l ⊥ and q ⊥ . The Melosh factor M coming from the spin structure of the pion and the product of two Jacobi factors J are given by
and
respectively. The exponential function in Eq. (5) comes from the product of two radial wave functions φ R (x, k ⊥ ) and φ R (x, k ′ ⊥ ). For the quark spin s = 1/2 case, all of the factors J , M and φ R (x, k ⊥ )φ R (x, k ′ ⊥ ) should be kept in Eq. (5) and the pseudoscalar pion form factor respecting conformal symmetry(m = 0) behaves as
For the scalar quark (s = 0) case, however, the Melosh factor is turned off (i.e. M = 1) and the corresponing pion form factor in the conformal limit (m = 0) behaves as
is shown [14] to be equivalent to the soft-wall AdS/QCD result at large momentum transfer [9, 10] .
Let us now explore more of the spin and mass evolution effects to the pion form factor in space-and time-like regions. In the conformal limit(m = 0) of the scalar quark (i.e. M = 1 in Eq. (5)) case, the form factor F s=0 π (Q 2 ) after the φ-integration has the following form 
where g(θ) = (sin θ/ cos 4 θ) 2 F 1 (−1/4, 1/2, 1; sin 2 2θ). After the x-integration, we could further reduce Eq. (9) to the following 1-dimensional form
where z = Q 2 /16β 2 cos 2 θ and Γ(
Here the incomplete gamma function, Γ( 1 2 , z), has a branch cut discontinuity in the complex z plane running from −∞ to 0. This is the reason why the pion form factor is complex in time-like region(q 2 = −Q 2 ) but real in space-like region. We now obtain the time-like form factor F π (q 2 ) by changing Q 2 to −q 2 in the form factor given by Eq. (10), where the imaginary part is obtained as
where z ′ = q 2 /16β 2 cos 2 θ. We find numerically that Eq. (8) is equivalent to the soft-wall AdS/QCD result in the large Q 2 limit where the unconfined bulk-to-boundary propagator can be used [10] , i.e. F AdS/QCD (u.c.)
(E.8) in [10] ). This leads to the following analytic form in the space-like region
where the subscript (u.c.) denotes the result of the unconfined current decoupled from the dilaton field. The imaginary part of the time-like F AdS/QCD (u.c.)
In the time-like region, the following dispersion relation should be satisfied
where P denotes the Cauchy principal value.
In our numerical calculation, we find that the equivalence between our F 
in m = 0 limit and the unconfined version of the soft-wall AdS/QCD model wave function
, we understand the relation between β and κ which is not exactly κ = 2β but κ ≃ 2.3β due to the different free factors. Other than such fine details, they are essentially equivalent to each other. The pion form factor in Eq. (12) respecting the conformal symmetry shows the power-law behavior of
The equivalence between our result without the Melosh factor in Eq. (8) and that of the soft-wall AdS/QCD model in the large Q 2 limit given by Eq. (12) is assured when our LFQM respects the conformal symmetry.
We note that the authors in [10] also derived the pion form factor in the presence of a dilaton field in AdS space and presented the analytic solution of the modified wave equation for the confined bulk-to-boundary propagator. This corresponds to the well-known vector dominance model(VDM) with the leading ρ resonance, i.e.
In the timelike region, one may modify Eq.(15) to introduce a finite width (e.g. Γ = 100 MeV in [10] ) to compare with the pion form factor data near the ρ peak. Although the analytic solution for the soft-wall unconfined current (Eq. (12)) is not much different from that for the soft-wall confined current(Eq. (15)) at large momentum transfer, the latter solution fits the low Q 2 region much better than the former one. This implies that the dilaton background only affects the low Q 2 region but shows the same 1/Q 2 power-law behavior of the pion form factor as that for the unconfined current. In our LFQM analysis, we consider both spin and mass evolution effects from the constituent quark and discuss the corresponding power-law behaviors in the pion form factor.
In order to see the spin effect on the pion form factor, we should include the Melosh factor M given by Eq. (6) . In this pseudoscalar(s = 1/2) case, the pion form factor F s=1/2 π (Q 2 ) given by Eq. (5) has the following form
after the φ-integration. Following the same procedure as in the case of scalar pion case, we obtain the pseudoscalar pion form factor F s=1/2 π (Q 2 ) in conformal limit by changing g(θ) in Eq. (10)(and Eq. (11)) to g ′ (θ) = −(sin θ cos 2θ/ cos 4 θ) 2 F 1 (1/4, 1/2, 1; sin 2 2θ). We should note that the Q 2 behavior of F s=1/2 π (Q 2 ) is quite different from that of F s=0 π (Q 2 ) since the θ variable is related with the light-front momentum variables (x, k ⊥ ) as well as the momentum transfer Q 2 . As discussed earlier, the pseudoscalar pion form factor behaves F s=1/2 π (Q 2 ) ∝ 1/Q 4 at large Q 2 compared to the scalar pion case,
In Fig. 1 , we show the spin effect on the space-and time-like form factor respecting conformal symmetry(m = 0) in the range of −2GeV 2 ≤ Q 2 ≤ 2GeV 2 . Upper and lower panels represent the scalar (s = 0) and pseudoscalar (s = 1/2) pion cases, respectively. For a fixed Q 2 value, θ approaches to 0 and π/2 for the low and high transverse momentum square k 2 ⊥ , respectively. Fig. 1 reveals that the high k 2 ⊥ region contributes more to the form factor than the low k 2 ⊥ region. This feature is more enhanced by the spin effect as one can see from the comparison between the upper and lower panels of Fig. 1 . Only after the θ integration, we are able to check the dispersion relation between the real and imaginary parts of the form factor as we show in Fig. 5 .
So far, we discussed the spin effect on the pion form factor in the conformal limit. In the rest of this section, we discuss the pion form factor given by Eq. (2) considering the momentum-dependent dynamical quark mass m(Q 2 ) used in our previous work [14] . Unlike the massless quark case, it is not so easy to analyze the time-like 
where M ρ is the physical mass of the ρ meson. For convenience, we shall call the right-hand-side of Eq. (17) as the modified soft-wall AdS/QCD result with ρ pole. We thus use the modified soft-wall AdS/QCD result with ρ pole as an approximate solution to the time-like pion form factor F m(q 2 ) π (q 2 ) with the dynamical quark mass. We should note in the calculation of the timelike pion form factor from Eq. (17) 
in the denominator where M ρ = 776 MeV and Γ = 120 MeV to compare with the time-like pion form factor data near the ρ peak.
IV. NUMERICAL RESULTS
In this section, we compare our results for the spaceand time-like form factor with the experimental data. We also show that our direct calculation of the time-like form factor obtained by the analytic continuation from the space-like region is in excellent agreement with that obtained from the dispersion relation. [9], β = 0.39 GeV for
2 )(see [14] for the details of phenomenological form of the quark mass evolution), and κ = 3.2 GeV for the modified AdS/QCD result with ρ-pole. With these model parameters, we are able to show the equivalences
by systematically taking into account the spin and quark mass evolution effects to F s=0 π (Q 2 ) and verify the equivalence numerically modifying the form factor of the softwall unconfined current (F AdS/QCD (u.c.) (Q 2 )) with the empirical ρ-pole factor. We should note that the value of parameter κ in the modified soft-wall AdS/QCD result can be drastically different from that of F AdS/QCD (u.c.) (Q 2 ) due to the modification by the empirical ρ-pole factor. However, the physical observables are still comparable between the two models with and without the modification. For example, we obtain the pion decay constant
(Q 2 ) with κ = 0.4 GeV.
In Fig. 3 , we show the space-like behavior of Eq. (17)), the pseudoscalar pion form factor F with the unconfined current in Eq. (12)), and the AdS/QCD result F AdS/QCD (conf ined) (Q 2 ) with the confined current in Eq. (15), respectively. Data are taken from [23, 24, 25, 26, 27] , which includes the most recent results from JLAB [27] . While our previous LFQM result [14, 15] with constituent constant quark mass m = 220 MeV shows the gaussian fall-off at high Q 2 region, all the lines in Fig. 3 show the power-law behaviors at the available Q 2 scale.
2 ) with the dynamical quark mass(solid line) fits the data not only for the very low Q 2 region but also for the intermediate Q 2 region. Our
. So the little difference between the two results shows the dynamical quark mass effect in the pion. Similarly, the difference between the result of the AdS confined current Q 2 F AdS/QCD (conf ined) (dotdashed line) and that of the AdS unconfined current
region accounts for the effect of the dilaton field discussed in [10] .
In Fig. 4 , we show the space-like behavior of F π (Q 2 ) for low 0 ≤ Q 2 ≤ 0. confined current) and F s=1/2 π (Q 2 ) with m = 0 overestimate the pion charge radius. From Figs. 3 and 4 , we find that the low
and F
AdS/QCD
(conf ined) (Q 2 ) are quite comparable to each other although the power-law behaviors at large momentum transfer region are different, i.e.
This may indicate a correspondence between the dilaton effect in AdS space and the spin and the mass evolution effects of constituent quark and anti-quark inside the pion.
In Fig. 5 , we show the pion form factor for both space-and time-like region obtained from 
(q
2 )] obtained from the dispersion relation given by Eq. (14) . Fig. 5 shows that our direct calculations are in an excellent agreement with the solutions of the dispersion relation. Although F s=0 π (Q 2 ) in time-like region produces a ρ meson-type peak near q 2 ∼ M 2 ρ as in the case of our previous scalar field theory model [28] , it does not yield all the features of the vector meson dominance phe-
indicates that the spin and mass evolution effects are crucial in generating the more realistic features of the vector meson dominance phenomena. In Fig. 6 , we show the pion form factor for (Q 2 ), which is due to the effect of the dilaton field in AdS space [10] .
V. SUMMARY AND CONCLUSION
We discussed a constraint of conformal symmetry in the analysis of the pion form factor. Working in the framework of the LFQM that takes into account a momentum-dependent dynamical quark mass [14] , we extended our previous analysis of the space-like pion form factor to the time-like region and compared with the result obtained from the AdS/QCD model [10] . We showed explicitly that the time-like form factor obtained by the analytic continuation of the space-like form factor correctly satisfies the dispersion relation. Our comparative analysis between the scalar quark case (F s=0 π (Q 2 )) and the spin 1/2 dynamical quark mass case (F m(Q 2 ) π (Q 2 )) indicates that the quark spin and dynamical mass effects are crucial to yield the realistic features of the vector meson dominance phenomena.
